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Abstract. The aim of this work is to prove existence and uniqueness of 
L^— solutions of stochastic fractional partial differential equations in one spa- 
tial dimension. We prove also the equivalence between several notions of 
L^— solutions. The Fourier transform is used to give meaning to SFPDEs. 
This method is valid also when the diffusion coefficient is random. 



1. Introduction 

Fractional calculus and stochastic analysis are connected concepts thanks to the 
selfsiniilarity property. In recent years, mathematicians as well as physicians draw 
more attention to the use of the two topics simultaneously to model complex phe- 
nomena. Several definitions of fractional differential operators have been introduced 
based on probabihstic concepts, see for short list e.g. [13 [221 1231 123 • Moreover, 
several phenomena, which are described to be anomalous, are modeled using frac- 
tional calculus and/or stochastic analysis, see e.g [H [H |31 HI [3 ISl IZl ttH 1131 IISI 
[TTI [29l ISTl [32l l33l l34l [35] and the references therein. A phenomenon is described 
as anomalous if it is not covered by the Gaussian Markovian case. The anomaly 
is characterized by the long range dependence (LRD) effect and/or by the coexis- 
tence of the diffusive and the ballistic modes. One way to model the anomaly is 
to consider stochastic partial differential equations (shortly SPDEs) perturbed by 
non Gaussian noises, such as the Levy or/and non Markovian noises, such as the 
fractional Brownian motion, see e.g. [HJ [23 [221 [27] and others. The main difficulty 
in the study of SPDEs perturbed by non Markovian processes is due to the lack of 
a standard stochastic integral theory. To encounter this difficulty, SPDEs driven by 
fractional operator are used. Here the anomaly is presented via the Green function 
of the fractional operator, see e.g. [H [5] [TU] [TT] [14] [31]. In these later works, au- 
thors are interested in the existence, uniqueness and the regularity of the solutions 
of different kinds of stochastic partial differential equations (SPEDs) driven by frac- 
tional operators. In [I], a linear SPED driven by the composition of the inverses of 
Riesz and Bessel potentials and perturbed by a space-time white noise is studied. 
In [TU], the authors proved the existence and the uniqueness of the solution of an 
hyperbolic multidimensional SPDE driven by a power Laplacian and perturbed by 
a colored noise; white in time and homogeneous in space. The regularity of the 
solution is obtained in [11]. In [M], the authors considered high order stochastic 
fractional partial differential equations with entire derivatives and perturbed by 
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space-time white noise. The non-Lipschitz case is treated in [5l I31j. In particular, 
the stochastic Burgers equation driven by fractional power of the Laplacian and 
perturbed by a cylindrical white noise respectively by a stable noise is studied. 
One of the main results, was the precision of the tree interaction between the dis- 
sipation, given by the fractional operator, the steepening, given by the nonlinear 
term and the regularity of the random noise. 

The aim of this work is to prove existence and uniqueness of L^-solutions of 
the SFPDEs introduced in [TJ]. The L^-solution obtained in this paper coincides 
with the solution obtained in [TT under some special class of Lipschitz conditions. 
We present three different notions of L^-solutions, mild, weak of first kind and 
weak of second kind. Moreover, we prove that these solutions are equivalent, for 
the literature on equivalence solutions, see e.g. [8j for the evolutive SPDEs, 
[28] for the quasi-evolutive case and [HI [19] for the Walsh's approach. The result 
generalizes the equivalence obtained in [TB] [50] . A special section is devoted to give 
meaning to SFPDEs using Fourier transform. This method is relevant when the 
diffusion coefficient is random and depends only on the spatial and the temporal 
variables but not on the solution. The study of the SFPDEs reduce to SDEs driven 
by martingales. The Fourier transform of the solution is a generalization of the 
Ornstein-Uhlenbeck process. We prove that the solution of the equation without 
derivatives of entire order given via the Fourier technique is equivalent to the mild 
solution. 

The paper is organized as follows. In section 2, we prove existence and uniqueness 
of i^-mild solutions. In section 3, we prove the equivalence of mild and weak 
solutions. In section 4, we apply the Fourier technique to define a solution for a 
special case of the equation studied. This notion of solution is equivalent to mild 
solution and to weak solutions. 

We are interested in the following Cauchy problem: 

i at ^ xDsu{t,x) + ^—-^{t,x,u{t,x)) + f{t,x,u{t,x))—-{t,x), 

I k=0 ^ ^ 

[ t>0, xeR, 

u{0, x) = M°(x), 

where a G M+\N, m G N, such that 1 < m < [a], where [a] is the integer part of a 
and is the fractional differential operator with respect to the spatial variable, 
to be defined below. We suppose that the functions /, g, hk : [0, +cxd) x M x M — M 
satisfy Lipschitz and growth conditions: 

for all T > 0, there exist a constant Kt > and functions G i^(R), ak > 
0, fc = 0, 1, m+1 such that for ah t G [0, T] and for aU x, y, z G K 

(^\hkit,x,y) - hkit,x,z)\ + \ f{t,x,y) - f{t,x,z)\'j <Kt\v-z\, 
(2) \hk{t,x,z)\<KT{ak{x)^\z\), \f{t,x,z)\<KT{am+i{x) + \z\). 

It is clear that when G (M) n L^o (K) , we find the Lipschitz conditions in [TJ] . 
Let (SI, F, P) be a complete probability space and let W = {W^(t, a;), t > 0, x G M} 
be a centered Gaussian field defined on (17, J^, P) with covariance function given by 



K{{t,x), {s,y)) = -{sgn{x) + sgn{y)f{t A s){\x\ A \y\), 
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where " sgn" denoted the sign function. W is in fact composed of two indepen- 
dent Brownian sheets, one in the positive direction of the spatial variable and the 
other one in the negative direction. Let {J-t , i > 0) be an increasing and right- 
continuous filtration generated by W. The initial condition is supposed to be a 
J-Q— measurable L^(M)— valued function. We suppose that a > 1 and p > I. 

Definition 1. Let a G M_|_. The a— fractional derivative operator is defined for all 
/ e {g e L^R)/\X\-g{\) e by 

(3) D2f^T-\sM-)f): 

where \6\ < min{a — [a]2, 2 + [a\2 — a}, [a\2 is the largest even integer less than a 
(even part of a) and 6 = when a G 2N + 1, 

(4) 5V'o(A) = -|Are-^*t^f"\ 

and J-^^ is the inverse Fourier transform on M. and f is the Fourier transform of 
/• 

The Fourier transform and its inverse are given by 

^{/(x); A} - /(A) - exp(zxA)/(x)dx, 
^ > ^-H/(A); x} = ^ CZ exp(-*a;A)/(A)dA. 

The operator D'^ is the infinitesimal generator of an analytic semigroup of convo- 
lution given by the Green function sGa{t,x) = J-~^{exp[sil^aiX)t]',x}. Hence it is 
closed densely defined operator. The function sGa{t,x) is real but it is not sym- 
metric relatively to x, when 5 ^ Q. Further, it is not everywhere positive when 
a > 2. However, sGa{t, x)dx = 1. The explicit form of sGa{t, .) is known 
only for a G {i, 1, 2}. Moreover, sGaitT-) has a polynomial decrease when a ^ N. 
For more details on this operator and the properties of sGa{t, .) see [T11[T31[T3]. In 
the following Lemma, we give some of the properties of the function sGa{-, ■) that 
we need in this context. 

Lemma 1. 

ft) sGa{t, x) satisfies the semi-group property, or the Chapman Kolmogorov equa- 
tion, i.e. for < s < t 

/ + 00 
sGa{t, £.)sGa{s, X - £_)d£,, 
-oo 

fti) For < a < 2, the function sGa{t, .) is the density of a Levy stable process 
in time t, 

ftii) For fixed t, sGait,.) G 5*°° = {/ G G°° and Dg,f is bounded and tends to 
zero when \x\ tends to oo ,V^ G M+, \5'\ < min{^ - [Ph,2 + [I3]2 - P} and 6' = 
when 13 G 2N + 1}, 

(iv) -^sGa{t, x) = t^~^ J f(^^ alll >0 (when 1= 0, it is called 
the scaling property), 

(v) i,8G^{l,x) = IY:U |x|-"^-('+i)I^r(aj+/+l)sinj(^^+0(|:r|-"("+i)-('+i)), 
when \x\ is large. 



Corollary 1. Let a > 1. For any fixed fc G for 7 > ^^^.^^ , 

sGi'Ht,.) 
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Let US also give the following stochastic Fubini's Theorem for Brownian sheet 
with respect to a deterministic non negative measure. 

Lemma 2. (Stochastic Fubini's Theorem) Let {X , B{X), /i) he a measure space and 
let f : D. x^M^j^ xM. X X ^ M. such that, Vt > 0, the function f is Ft x B{[Q,t]) x 
X B{X) -measurable and 

[ [ ^( [ f{s,y,x)fi{dx)) dyds <oo. 
Jo JR ^Jx ' 

Then the integrals 



f{s,y,x)fi{dx)W{dyds), / / / .f{s,y,x)W{dyds)^{dx) 

JK JX J X Jo JR 

are well defined and are P — a.s. equal. 

Let LP {n, To, L"^) = {X : n L'^{R),X is J"o -measurable and such that E|X|^ < 
oo}. The scalar product in L^(R) is denoted by (., .) and the norm by |.|2. We note 
also that the value of the constants in this paper may change from line to line 
and some of the standing parameters are not always indicated. In particular, the 
dependence on T. 

2. Existence and Uniqueness of Solution 

It is known that the equation ([Ij has no rigorous meaning. In the following 
definition, we give the notion of i^— mild solution. 

Definition 2. A L^ — valued J-'t — adapted stochastic process u = {u(t, .),t G [0,r]} 
is said to be a mild solution of the SFPDE in (Qp on the interval [0,T], with initial 
condition m° if it satisfies the following integral equation for all t £ [0,r], 



(6) +Er=o(-l)'' / \hk{s,y,u{s,y))—j^5Ga{t-s,z)\,^ydyds 



u{t,.)= I sGa{t,.-y)u°{y)dy 

EZoi-^)' [ [ h,{ ' 

/(s, y, u{s, y))sGa{t - s,.- y)W{dyds). 
The equality in is taken in L^(M). 

Theorem 1. Let a > 1 and let vP G LP{p.,Fo,L^), where p > \. Then under 
conditions the equation (QJ) admits a unique mild solution which satisfies the 
inequality 

(7) supE|u(s)|^ < oo. 

[0,T] 

The uniqueness is taken with respect to the norm in the left hand side of 
Proof. 

Let H be a Banach space of L^— valued J^t— adapted processes endowed by the 
norm 



I e-^^^u{t)\ldt < oo, 
Jo 
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where A > will be determined later. Let %* denote the subspace of the processes 
of % satisfying the assumption (O. We define on % the operator A by 

m+2 

(8) Au^^ Aku, 

where 

Aou{t) ^ J^sGa{t,.-y)u'^{y)dy, 

Ak+iu{t) = / hk{s,y,u{s,y)) {t - s, z)\,-y dyds, 0<k<m 

Am+2uit) ^ / / f{s,y,u{s,y))sGait - s, . - y)W{dyds). 



From the sequel it is easy to deduce that the operator A takes H to the space 
of J-j— adapted processes {u{t),t > 0} such that for almost all t, we have u{t) £ 
L^(]R) a.s. We prove that H* is an invariant subspace for the operator A. The 
restriction of A on T-l* will be denoted by A too. In fact, let u € W . It is easy to 
see that all the terms in the right hand side of ([9|), are J^t— adapted processes when 
they exist. Further, 

A[)u{t) € T-L* thanks to the assumption G L'p{VI, Fq, V^) and to the inequality 
(9) |Au(t)|2 = |Gc,(t,.)*u°|2<|Gc,(i,.)|i|u°|2<if|«°|2 a.s. 

For Aku{t), fc = 0, 1, ...,m, apply generalized Minkowsky's inequality, Young's in- 
equality, corollary [1] and conditions (H)) to get 

nAk+iu{t)\l = E(^lj\l^hk{s,u{s))*sG^^\t-s,x~.)ds'^dxy 
< E 



< KE 



(/ { / \hk{s,u{s))*sGi^Ht~s,x~.)\^dx}idsy 

< e( y \hk{s,u{s))\2\5Gi^\t-s,.)\idsy 
{t - s)-^ {\ak\2 + \u{s)\2)dsy 

< KE{1+ [ {t- sy^\u{s)\^ds) 

< K{1+ [ {t~s)-iE\u{s)\Pds). 



(10) 

This proves, on one hand that supjQ E|ylfe_|_iu(t)|2 < oo i.e. {Ak+iu{t), t > 0} 
is an L^— valued process and satisfies ([7]). On the other hand, thanks to Fubini's 
Theorem, we get 

e--^*'E\Ak+iu{t)\Pdt < k[ e-^*'{l+ [ {t^s)-iE\u{s)f2ds)dt 

Jo Jo 

< K{1+ (/ e-^W-^dT)e-^'E\uis)\Pds) 
Jo Jo 

(11) < K(l+ [ e'^''E\u{s)\^ds) < oo. 
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Therefore, Ak+iu £ %* ,\/k — 0, 1, ...m. To estimate the stochastic integral, we use 
the factorization method (see [9]). By the semigroup property and the Fubini's 
Theorem and the identity 

ft _ 



{t- sf-^s^ayl^ds 



a <s <t, 0</3<l, 



sin 7r/3 

we get the following representation of Am+2u{t,x 
sin7r/3 



where 



Let ^ ^ 5^ < /5 < 1 • By the inequalities cited above and the corollary [TJ we get 



Arn+2u{t,x) ^ ""^ " / [t - s)^ W sG a{t - s , X - y)Y {s ,y)dyds , 
I" Jq Jr 

Y{s,y)= I {s-a)~'^ / sGa{s - cr,y - z)f{a, z,u{a, z))W{dzda). 

Js. 

! inequalit 
sinTT^ /■* 



E\Am+2u{t)\P = E 



{t-s)^-^Y{s,.)* sGc.it -s,.)ds 



dx 



< E 



< e(^^ J\t - .) * sG^t - s, .)\2dsy. 

sin7r/3| /"* 



(t - sf-^\Y{s)\p\sG^it - s, .)| 2p dsY 

3p-2 / 



< Ke(^J (t- sy-'+'^-^\Y{s)\pds 

rt 

< K {t-sf^^+^-^E\Y{s)\Pds 

Jo 



(12) 

On the other hand, under the condition < B < i + — — — and using Burkholder- 
Davis-Gundy inequality and the generalized Minkowsky's inequality. Young's in- 
equality, corollary [11 conditions ([2]) and Holder inequality, we get for all < s < 
t < T 



< K 

< K. 



. sup 

0<T<S 



(s — cr) ^ sGa^s — a,y — z)f{a, z, u{a, z))W (dzda) 



dy 



(s — a) "^^ 5G\{s — a,y ~ z)f^{a, z, u{a, z))dzda 



'dy 







{s - a)-^^{sGl{s -a,.)* f{a, ., u{a, .)))(y)da 

< ™(y^ is~a)-^^\sGlis-a,.)*fia,.,u{a,.))\^day 

< i^E( ris~cT)-'^\sGl{s-a,.)\^\f{a,.,u{a,.))\^daY 



' dy 



< KE 



■2,3^ 



° (|a„+l|2 + |M((T)|2)d(T 



< K{1+ I {s - ay^'^+^-^E\uia)\Pda 
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Replacing this last inequality in (|T2|). we get 

¥.\A,n+2u{t)\l < K {t~sf-^+'^-^E\Y{s)\Pds 
Jo 

'{l + J^it- sf-^+^-^{J\s - c7)-^^+^-^E\uia)\Pdc7)ds 



< K[ 

< k( 



(13) 

is an process satisfying ([T])- Further, 



But-/3-|j + ^ > -1 because + ^ > \ + Hence {A„,+2u{t),t >Q} 



'^^^Ara+2u{t)\ldt <K{1+ / e-^''¥.\u{a)\lda) < oo. 



It is clear that — < 5 + provided that a > 1. The parameter /3 

satisfies the inequality maxjO, ^ — ^} < /? < rninji + ^ ~ !}• This achieves 
the proof that Au e H* . 

To prove the existence and the uniqueness of the solution in H*, we use the fixed 
point method. Let u,v G H*, we have for all A: = 0, 1, ...m, for all t > 0, 

E\Ak+iuit) - Ak+ivit)\P = e[ f \ f sGi^\t~s,.)*{hk{s,u{s))~hk{s,v{s)))ds\^dxy 

t 



< 


E( 


I 








< 


E( 


L 








< 


K] 




< 


K 


f 






Jo 








< 


") 


r 









< 


K\ 





Therefore 

E|u(s) — v{s)\'lds 



e T 







^ a ' 



(14) 



For the stochastic integral, we use again the factorization method for the same /3. 
We get 

Am+2u(t,x) - An+2t'(t,x) = '^^^ f (^f - s)^~^ [ 5G a{t - s , X - y%{s, y)dyds, 

I" Jo Jk 

where 

C(s72/)= / (s-cry^ sGa{s-a,y~z){f{a,z,u{<7,z))~f{a,z,v{a,z)))W{dzda). 
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Using the calculus above, we obtain 

nAm+2u{t) - Am+2v{t)\l <K f (t - s)^"!" * + W E| C(s) j^ds, 



and 

E|C(s)|^ < KE(^J\s-a)-'f^\sGl{s-a,.)\^\{f{a,.,uia,.))-f{a,.,v{a,.)))^lday 

< K (\s - (7)-2/^+^- = E|u((t) - v[a)\lda. 
Jo 

Hence 

E\An+2u{t) - A,n+2vit)\P < K f\t - sf'^- f (s - a) -2/3+ ^ - I ]E| y (^) _ ^; (a) | ^ddds 

Jo Jo 

< K {t-Gy^"'^~^¥.\u{a)~v{a)V'd(T, 



and therefore 

CT r- rT _«4.J 3_ 



Jo Jo -' 



< K\f'~^p + ^-'T{l^/3 + — -—)\ 

ap 2a ' 



IP 

l-H" 



(15) 

For a good choice of the constant A such that max{(m + 1)KX^~~^^~^T{1 — /3 + 
ap ~ """' )} < 1, the operator A is then a contraction. This choice 

is possible because the exponent — ^ + also negative. So there exists 

an unique ^^(R)— valued J^t— adapted process u E H* C H solution of Equation 
where H* is the closure of the subspace H* in H. We prove now that u G H* 
i.e. u satisfies ([7]). In fact, we have on one hand Au — u, on the other hand by a 
similar calculus of that done above, we get for all t > 0, the inequalities ([9]), (fTO)) 
and (fT3l) . Hence 

pt ^ 

]u{a)\^da 



•^0 k=0 

< k(^1+ f {t - a)-''E\u{a)\Pday 



(16) 

where 7 = min{^, /3 - + By Gronwah Lemma we get E|u(i)|^ < K^e^'''^, 
hence u satisfies ([7]). We prove now the uniqueness of the solution with respect to 
the sup norm. Let Ui,M2 be two solutions of © in H*. By a similar calculus as 
above, we obtain for alH > 

E\ui{t) - U2{t)\P < Ka [ E\ui{a) - U2{a)\lda. 



Again by Gronwall Lemma we get supjQ.T] IE|ui(t) — W2(i)l2 — ( see e.g. page 
314 for a similar calculus for a = 2 ). □ 
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Corollary 2. Let a > 1, u° e LP{VI,Fq,L'^), p>l such that sup^^ E|u"(?/)1« < oo 
for some q > 2, and let the coefficients f,hkk^ 0, 1, ...ni + 1 satisfy the conditions 
(0) such that Uk G Loo(K) H L^(]R), fc = 0, 1, ...m + 1. Then the equation in (QJ) 
admits a unique L'^—mild solution which is continuous in space and in time and 
satisfies the inequality 

(17) maxjsup E|-u(s)|2, sup supE|u(s, y)|'^} < oo. 

[0,T] [o,T] y 

The corollary follows from Theorem 1 in |14) and Theorem [1] in this paper. 

3. Equivalence of Solutions 

Let us consider two kinds of solutions of variational type of the SFPDE in ([T|) , 
for which the coefficients /, hk satisfy the conditions ([2]) and the initial condition 

Definition 3. A L^ — valued Tt— adapted stochastic process u = {u{t, .),t G [0,r]} 
is said to be a weak solution of the first kind on the interval [0,T] of Equation (QP, 
ifu satisfies the assumption ^ and the following integral equation, for all t £ [0, T] 
and for all (p G , where (j) G is the set of infinitely differentiable functions 
with compact support on W: 

u(t,x)<j){x)dx — / u'^{x)(l){x) dx + / / u{s,x)xD"g<j){x)dxds 

I Jr j "'0 Jm 

(18) + ELo(-l)' / f hk{s,x,u{s,x))<t>'^'\x) dxds 

Jo JM 

f{s,x,u{s,x))(l){x)W{dxds) a.s. 



Definition 4. A L^^valued J-t— adapted stochastic process u = {u{t^ .),t G [0,r]} 
is said to be a weak solution of the second kind on the interval [0, T] of Equation 
(QJ), if u satisfies the assumption ^ and the following integral equation, for all 
tG [0,T] and for all ijj € C^''^{{0,t) x R) and such thatip{s,.) G D{D^),ys <t: 



u{t,x)ip{t,x)dx — I u^{x)ip{0,x) dx + J J u{s,x)dsijj{s,x)dxds 

u(s, x)j:D"g'ip{s, x)dxds 



(19) - - i-t . 

+ TJLoi-^f j j hk{s,x,u{s,x))d^^H{s,x) dxds 

f{s,x,u{s,x))^j{s,x)W{dxds) a.s. 

Theorem 2. For p > 2, the different notions of solutions given in Definitions\^ 
and [2] are equivalent. 

Proof. We prove the equivalence between Definition [2] and Definition |4l The other 
equivalences are obtained by a similar way ( see |18) . for a = 2). 

Let u = {u{t),t G [0, T]} be a weak solution of second kind of Equation ([1]) and 
let (/)(.) G Cilf (R). We define the function ip^s.x) by 



/jj -sGa {t~ s,x ~ y)4>{y)dy, when s < t, 
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The function ■(/'*(., •) S C^^°°{{0,t)xR) and we have for all fixed s < t, T{ip\s,x), X} = 
g_,V=(A)(t-s)^(-;y)^ Hence ^p\s, x) € D{^Dts) and ^D'^g^^s, x) = J-i{-<5V'a(A)e-^'^°(^)(*-'*)0(A), a;}. 
On the other hand for fixed x, ip*{s,x) is differentiable with respect to s < be- 
cause -sGait — s,z) is differentiable with respect to s and 5s-5Ga{t — s, .)(/>{.) is 
integrable. Further 



We replace iplsjx) by ip*{s,x) in equation (jf 9p . apply deterministic and stochastic 
Fubini's Theorems and the fact that -sGa{t — s,x — y) — sGa{t — s,y — x). We 
interpret the integrals on R as the scalar product in L^(M) and use estimates as 
in section 2 to prove that Aku{t) G L^(M) a.s.,\/k e {0,1,...,™ + 2}, we get 
{u{t) - {Ao + Er=o A-+1 - Am+2)u{t),(l))L2 = 0. Since G^ is dense in L^{R), 
we obtain that u = {u{t),t e [0,r]} is a mild solution of Equation ((T|). Fubini's 
Theorems are applied thanks to 




,.D'^s^/{s,x). 




R 



\u {x)\\sGa{t - s,y - x)\\(f>{y)\dydx < \u |2|0|2|5Ga(l, .)|2 < oo a.s. 



E 




\hk{s,x,u 



{s,x))\ l-sGl'Ht 



- s,x- y)\\(j){y)\dydxds 



< 



E 



r \hkis, ., .)M-sGi'Ht - s, .)| * \^\\2ds 



p 




< 



K{1 + supE|u(s)|P) < oo, 

[0,T] 




x))-sGa{t — s,x — y)dy\ dxds 
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Using Jensen inequality, we get 

( / [ 4'{y)fis,x,u{s,x))-sGait - s,x - y)dy) dxds]" 

^ Jo Jr ^ Jm. ' ' 

< K{1+ [ E\u{s)\Pds) < oo. 



Let now u = {u{t),t > 0} be a mild solution of Equation ([T]). From Theorem [1] 
u satisfies the inequality ([T]). Furthermore, for fixed t > 0,\ei ip C^-'°°{[0,t] x M) 
such that ip{s, .) e D{Df),ys < t. by replacing the right hand side of ^ in the 
left hand side of ([T9l). we get 



u{t,x)^{t,x)dx — / ip{t,x)[ / sGa{t,x — y)u^ {y)dy)dx 

+ / ^(^'^)( / sG^i^'>{t-s,x-y)hk{s,y,u{s,y))dyds)dx 



(20) 



fe=0 

'4^it,x){ I I sGait - s,x ~ y)f{s,y,u{s,y))W{dyds))dx. 



Applying Fubini's Theorems (deterministic and stochastic) to each term on the 
right hand of ((20|) . we get the terms /jg sG'^^^ (t — s,x — y)'>Jj{t, x)dx, fc = 0, 1, ...m in 
the right hand side of ((20)) . Using the properties of Green's function sGa{t,x) and 
the integral by parts (see [E]), we obtain 

sGait - s,x - y)ip{t,x)dx = ■>Jj{s,y)+ [ [ -^{sGaia ~ s,x ~ y)ijj{cr,x))dxda 



= "0(5: y)+ / / sGa{(J ~ s,x - y)xD1g'ilj{a,x)dxda 
Js Jr 

+ / / sGa{<^ — s,x — y)daip{(J,x)dxda. 
Js Jr 

(21) 

Furthermore, by the commutativity of the operators xD-s ^-nd D'', where this last 
is the classical differential operator of entire order k, we get 

sGi^Ht-s,x-y)i;{t,x)dx = {-if j sGo,{t ~ s,x ~ y)^:'^^\t,x)dx 

Jr 

= 4''Hs,y)+ f f sG'f\a - s,x - y)xD1si^{a,x)dxda 

Js JR 

sG^f\(T — s,x ~ y)da-'ip{a, x)dxda. 

Js JR 

(22) 
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By replacing ([2T|) and (|22|) in to corresponding terms in (|20|) and again by applying 
Fubini's Theorem, we get 



^p{t,x){ / sG^it,x-y)u''{y)dy)dx^ / u''{y)4,{0,y)dy 

sGa{(T, X - y)u°{y)dy^ [xD'^^'ipia, x) + daipicr, x))dxda, 



Jo 



(23) 

■4'it,x){ I / sGa{t- s,x-y)f{s,y,u{s,y)))W{dyds))dx= I I f{s,y,u{s,y))^{s,y)W{dyds) 



t r rt 



JR JQ 

(24) 



( / / sGai<J-s,x-y)f{s,y,u{s,y)))W{dyds)){.xD1g^|J{a,x)+^^^p{a,x))dxda, 



'4'{t,x\ I j sG^^\t-s,x-y)hu{s,y,u{s,y))dyds)dx = j J hk{s,y,u{s,y))'4>^y \s,y)dyds 
sG''^'' {t ~ s,x - y)hk{s, y, m(s, y))dyds) {xD1g^p{a, x) + da^{(T, x))dxda. 



JR Jo 

(25) 

Replacing these equalities in pOI) and using the fact that u(t, .) is a mild solution, 
we get that u(t, .) satisfies Equation (IT9|) . We can check as in the first part of the 
prove that Fubini's Theorems can be applied. 

□ 

As a consequence of Theorems [T] and [21 we have 

Corollary 3. Equation ^ for with the coefficients /, hk satisfying the conditions 
0) and the initial condition u'^ G LP{fl,J-o,L'^), p > 2 admits a unique weak 
solution of first kind and of second kind. 

4. Application of Fourier transform in a random SFPDE 

We consider the following SFPDE obtained from Equation ([T]) by taking hk{t, x, r) 
c^r, for all < fc < m and where / may be random but independent of the solution 
u 

(26) —u{s,y) ^ xD'^u{s,y) + ^Ck^u(s,y) + f(s,y)-^-^{y,s). 

Multiplying the two sides of the above equation by e'^^ and integrating with respect 

to s and to y,we get 

(27) 

w(i,A) =uO(A) + (5^„(A)+^Cfc(-iA)'=) / u{s,X)ds+ e'^^ f{s,y)W{dyds) 

Q Jo Jo JR 

which has a rigorous meaning. Let us denote by rjx (t) the stochastic integral in the 
equality above. It is known that r]x{t) is a martingale [3D]. The Equation ([?7| is 
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equivalent to the following linear stochastic differential equation perturbed by the 
martingale {ri\{t),t > 0} 

m 

(28) du^{t) = {syJaW + Ck{-iX)'')ux{t)dt + dijxit), 



with initial condition u\{t) = u^{X). This equation admits the explicit solution 

(29) ux{t) = uo(A)e(^^°(^)+^" c.c-a)")* _^ /"* ^Mx)+j:^ ='=(-^^)')(*-^)d?7A(s), 

"'0 

which is a generalization of an Ornstein-Uhlenbeck process. 

Proposition 1. Consider the equation i26]) . with = 0,Vfc G Om and u'^ G 
LP{Q.,J-q,LP'). The process whose Fourier transform is given by h29\) is equivalent 
to the solution in the sense of Definitions\^\^and^ 

Proof. Let {u{t),t > 0} be the process whose Fourier transform is given by ([29l) . 
It is sufficient to prove that it is the mild solution. Then u{t, A) is given for all A 
by the following formulae 

(30) ?i(t,A) =M°(A)e^^"(^)*+ / e^'^°(^)(*-")dryA(s). 

Applying the inverse Fourier transform on the two sides of this equation, replacing 
rix{s) by its values and using the Fubini's Theorem, we get 

u{t,.) = u"*sGo.{t,.)+ f f n e-'^^ ~y^e''^-^^'>^'-''>dx)f{s,y)W{dyds) 

= [ 5G^{t,.-y)u''{y)dy+ [ f sG^{t - . ~ y)f{s,y)W{dyds). 
Jm Jo Jm 

By the same calculus and using the Fourier transform, we prove that the Fourier 
transform of the mild solution is given by pop . □ 
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